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Overview I

e Quantum information

e Quantum operations

e Quantum error-correcting codes (QECC)

e Construction of QECC

e Quantum Reed-Solomon codes

e Quantum implementation of linear transforms
e DE'T over finite fields

e Concluding remarks
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Quantum Information I

Quantum-bit (qubit)

basis states:

general state:

Quantum register

basis states:

general state:

xc{0,1}"

— normalised vector in (C?)®" =~ C?"

— note the similarity to the group ring C[IF}]

.

lq) = |0) + B|1) where o, 3 € C, |a]? + 6] =1

1) ® ... R |by) =:|b1...b,) = |b) where b; € {0,1}

|¢> — Z Cm|w> where ZCBE{O,I}” |CCB|2 =1
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Quantum Operations: “Gates”I

NOT gate

(0 1) 0)
NOT =
1 0 1) +—

Hadamard transformation

1 1 1 0)
H = —
V21 -1 1) —
Controlled NOT (CNOT) gate
(100 0) 00)
0100 01)
CNOT =
000 1 10)
\0 0 1 0 11)
|a) @)
|b) la ® b)

S-Sl

(10) +11))
(10) = 1))

I 1 11

~
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Simple Quantum Code: Bit-FIipsI

0) — [000)

} — a|0) + B|1) = a]000) + B|111)
1) e [111)

two-dimensional subspace He < Ho ® Ho ® Ho

bit-flip quantum state subspace
no error «|000) + (B|111) )
Ist position | «|100) 4 3|011) | (0, @ 1 @ 1)Hc¢
2nd position | «|010) + 101> )
3rd position | «|001) + ) )

I
=
&
=
&
=
Ry
A

orthogonal decomposition: Ho ® Ha ® Ho
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Quantum Errors'

Bit-flip:

e interchange of the basis states |0) and |1)

e corresponds to “classical” bit error

0 1
e NOT gate resp. 0, = ( )

1 0
Phase-flip:

e inversion of the relative phase of the states |0) and |1)

e no classical analogue

I 0
® 0, =
0 -1

Combination:

Conjugation:

e Ho.,H =o0,
o Ho.H=o0,
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Quantum Codes (QECC)I

(CALDERBANK & SHOR/STEANE)

Definition:

Let C' = [n, k,d]| be a weakly self-dual linear binary code,
i.e., C < C*+, where C+ = [n,n — k,d*].

For coset representatives w € CL/C’, define
|¢'w = Z |c + w

or equivalently (Hadamard transformation)

~ 1

) = (—=1)%]e)
\/ |CJ'| CEZC:L

— quantum error-correcting code C = [[n,n — 2k, d’ > d*]]

Encoded quantum state:

W) = Z Qap | Yrp) = Z Bele)

weCL/C ceCt
|¢> — Z &'w|¢w> — Z 70|C>
weCL/C ceCt

— superpositions of codewords of C+
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Weakly Self-Dual Codes (I)I

Construction of QECC:

Search for good linear binary weakly self-dual codes.

Dual basis:

For a basis B = (by,...,b) of Fo|lFg let B = (V),...,b))
denote the dual basis with

tr(b; - b3) = dij.

Self-dual basis:

B=Bt e, tr(b - by) = by

Subfield expansion:

For C = [n, k,d] < I, define

B(C) := {(011,. ey Clly e s Crly e v ey Cpp)
c=(c1,...,cpn) €C, ¢; = Z] 1 Cijb }

— B(C) = [n,lk,d > d] < F§"
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Weakly Self-Dual Codes (]I)I

The following diagram commutes:

cC — ct
basis Bl l dual basis B+
B(C) — BH(Ch) = (B(C)*

C = [n, k] < Fye weakly self-dual, i.e., C < C+,
B a self-dual basis of Iy |IFo
— B(C) < B(CH).

Idea:

e start with a weakly self-dual code C over IF5, and a
self-dual basis B

e obtain a weakly self-dual binary code B(C)
e obtain a CSS code

Advantages:

e correction of burst errors
e suitable for concatenation
e applies to Reed-Solomon codes
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Quantum Reed-Solomon Codes'

RScode C=[n=2"—1,n—6+1,6] over Iy,
generator polynomial

gX)=(X-1(X-a)...(X —a’?)
weakly self-dual iff 6 > n/2 + 1:

gt (X)=(X —a D)X —a?)... (X —a (D)
= (X —a)(X —a?)... (X —a" 0t

Spectra:

0|0 0| * x| spectrum ¢ of ¢ € C

0| [0]*| |*|*]| spectrum ¢ of ¢/ € C*

|- 7\ e

Encoding & decoding:

discrete Fourier transformation over Iy,

— linear transformation over Iy,

choose a basis B of Fy|IFo

— linear transformation over I’y

~
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Example: Linear Transformation over IF2I

(1 1 . (1 ..... (1 ..... \ (1 1 .. \
. 1 1 - o1 1 1 - -1 111 -
11 - 11 - 1 - . . 1 - 1 1
1 11 . 1 . - 1 1 11 - - -1 -
1 « o o . . 1 . . 111 - 1 - .. .11
\ . s L A P A R )
? S—P *
é ? é P i P /L D D
m 'j O—D
Jan m - m °
T To—D
é ? é D 8 /L C.D D
L P l g O—P
as \f o —OD L D
D
\ /
M. Grassl IAKS 0 Universitit Karlsruhe AAECC-13



-

DFT~ over IFg

ircui

Quantum C

\ )
o L s e B o B B IR o B B B IR o B o S

..... P e P e
T e e i i i e T e
B L e e i i i I

perm-

~ TN

COEEE s B BEUEE o BRCIRNCIE o R o BRI o B R B B B o B
LI e IR S i e B BECHE o BRCHRCIE o RO o IR o Ko B R K |
o IECHRRCEE e IR o A v B B e B ORI v B e B e B
LR e o RIS e B e B A B BEENE o IR o B R R |
L o BRI e B IR o BECER e R R o IECREN ko RIS
L BECHRRCIRNCEN o e BRI o BRI o I B o IS e B e B s BRI |
LR s e BRI o BRCER o BRCHE o IRCRCIE o B Ko o NGNS o Ko |
LI o BRI o IR REER B B B o IECICIE o B o IR e R |
Lo IECERRCER e B B B Ko BRGNS BRCHCIR o B o U o IR e Y
LR A e B B B BRCHE o B B B e IR o BRCHE o RO o |
L o BRI o BRI o BRI s T e B o B B R o B o B B

Lo IECHCECIS 5 A v BRI o BRGNS o BRCHR v B B B B o B B
COCI e B B B B IO o B o BRI o IEC T o B e B

LI e RN b B NG RRE I o B B B R IR B B e Y
o B T o B B B BRI o B B o IR o BRI o B
LIS T e B o B B BRI o B B B o B RN o B e B
LI e IR e R B IR e B B B o B B e R e B
Lo BECCER e B e T i A e R o B B BRI o B B B |
B R T e I e I e I e I |
B I R e T e T e I o B = B
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Conclusion & Outlook.

e new method to construct QECC

e also applicable for BCH codes (see quant-ph/9910060)
e correction of burst errors

e decoding either as codes over I'y, or I’

e a lot of encoding/decoding techniques exist, e. g., using

quantum linear shift registers (see quant-ph/9910061)

Further references:
http://iaks-www.ira.uka.de/home/grassl/
http://iaks-www.ira.uka.de/QIV/

and a lot of preprints at

http://xxx.lanl.gov/archive/quant-ph/
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