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Main Problem'

Given two quantum states

[4) and [¢)

on n particles (qubits)
is there a local unitary transformation

U=U19U2®...0U,

with U|y) = |¢)?
Related Work

Rains quant-ph/9704042
Grassl, Rotteler, Beth  PRA 58, pp. 1833-1839 (1998)
quant-ph/9712040

Linden, Popescu quant-ph/9711016
Linden, Popescu, Sudbery quant-ph/9801076
Nielsen quant-ph/9811053
Vidal quant-ph/9902033

and many other results & definitions for multi-particle

entanglement
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‘Motivation (I): Bell BasisI

#) = (00 +[11)
#) = = (00) ~ 11)
V) = (o) +[10)
V) = (1) - 10)

e Same non-local properties
e Related by local transformations U; ® U,

e Schmidt decomposition:

1Y) = a| T112) + B L1d2)

with local orthogonal basis states | 1;),

)

Problem:

Generalization for more than two subsystems?

o /
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Motivation (II):
Description of Entanglement

e Independent of local basis
e Various definitions exist

e Partitioning of more than two subsystems into

groups

Problems:

o

e Check whether two quantum states are equivalent
with respect to local unitary transformations.

e Describe the equivalence classes of quantum states,
I. e., the orbits under local unitary transformations.

/
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‘Motivation (IIT): Quantum CodesI

e Error operators:
tensor products of 1, o, 0, and o,

e Weight of errors:
number of tensor factors # 1

e The weight doesn’t change under local unitary

transformations

U=U1®...Uyn where U; € U(2)

Problem:
Check whether two codes are equivalent with respect to

local unitary transformations.

o /
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‘Local Polynomial Invariants'

Use the polynomial invariants of the groups

e SU2)®...® SU(2)
e U2)®...0U(2)

operating on

e pure states [1))

e mixed states p

to describe multi-particle entanglement.

o
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‘Operation of GL(N, IF)I

Linear operation

on polynomials f € F[z1,...,zN]

f(x)? := f(x?) where

= pure quantum states

Operation by conjugation

on polynomials f € F[x11, ..

F(X)? = f(X7)

Xg:g_l-

: Flx]
x? = (x1,...,ZN) ¢
. ,xNN] =. ]F[X]
where
( 11 T1N \
\CUNl TNN )

= mixed quantum states

o
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‘ Example: Invariants of S; I
0 1 O 0 1 0
1 0 O 0 0 1
Power sums
pP1 = I1+ T2+ T3
Py = m% + m% + mg
p3 = xi’ + x% + xg
Elementary symmetric polynomials
S1 = I + i) + I3
S2 = T1T2 + T2T3 + T3T1
§3 — Z1X273
Any invariant of S3 can be expressed uniquely as a
polynomial in py, pa, p3 (or s1, sa2, S3).

o
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‘Example: Invariants of 23I

Z3

0 1 0
(Loo])
1 0 0

F[$1,$2,$3]S3 Q F[$1,$2,$3]23 since Z3 S S3

additional invariant of degree 3:

2 2 2
fa =xiT2 + 523 + 2571

S1, S2, S3, and f4 are not algebraically independent:

fi + (3s3 — s5152) fa

+5783 + 85 — 6518253 + 952 = 0

f4 is not redundant:

f4(27374) = 82
fa(2,4,3) = 80
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‘Ring of Invariants'

Basic problem:

Given a subgroup G < GL(N, ), which polynomials
in N (or N?) variables are invariant under linear
operation (or operation by conjugation)?

Notation:

Flz]“ := {f(z) € Flz]Vg € G : f(2)? = f(z)}

Properties of IF[x]“:

e Homogeneous polynomials remain homogeneous
= consider only homogeneous polynomials.

e Any linear combination of invariants is an invariant.
e The product of invariants is an invariant.

e For reductive groups IF[x]“ is finitely generated.
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\ Molien Series'

e Formal power series with non—negative integer
coefficients

e Encodes the vector space dimension d;. of the
homogeneous invariants of degree k:

M(z) =) dpz" € Z[z].

k>0

e A rational function (for finitely generated algebras)

e General formula (for linear operation)

Miz) = /eG ety det(idl— z-g)

Problems:

1. Applies only for linear operation

2. Integral is very difficult to compute

o /
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\Two Particles'

d2
Pure State ) = Z$z|bz>
i—1

with a (global) orthonormal basis |b;).

d
Schmidt decomposition Y) = Z aj\b§1)>|b§2)>
j=1

with local orthonormal bases |b§-1)), and \b§2)>.

Invariants | The (real) coefficients a; are the local invariants.

Problem | The invariants a; are no polynomial function in the coefficients ;.
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Example: Two Qubits'

Pure State
1Y) = 200]00) + 01]|01) + 10]|10) + z11|11)
Invariants
tr(|Y)(]) = xooToo + To1To1 + T10T10 + T11211
tr ((tri ‘¢><¢D2) = Z50Too + T51Tg1 + T1Tio + T1iTh

+2200201ZT00Z01 + 22002L10T00T10 + 2Z00211T01T10

+2201210T00%11 + 20121101 T11 + 2T10T11T10T11

Problem | We need complex conjugated variables.

o
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Generalized Molien Series'

Bi-degree of polynomials f in variables z; and z;:

(degZBl,...,ZBn f7 degfl,...,fn f)

F-Series (Michael Forger)T

e Formal power series with non—negative integer

coefficients

e Encodes the vector space dimension d, , of the
homogeneous invariants of bi-degree (k,¢):

F(z,Z) := Z di.e k7t e 7.)z,Z].
k.0>0

e General formula (for linear operation)

1 1
F(z,7) = | d
(2,7) /G H6\9) Getlid — = - g) det(id =2 -5)

T J. Math. Phys. 39, pp. 1107-1141 (1998)
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Two Qubits: F-Series of SU(2) ® SU(2)

1 1
F 2 — d
(:2) /UeG ue(U) det(id — z - U) det(id — =z - U*)

O e

'y I'y abG{l —1}

1
(1— 2222)(1 — 24)(1 — 24)

(G=SU(2)®SU(2), U =U; ® Uy, I' =complex unit circle)

~
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Two Qubits: Molien Series of U(2) ® U(2)

F(z,z) =

1

(1—22)(1—22)(1— 22

— 1422422422+ 2+ 2324+ 22%22 4+ 2723 + 7*

420 4 257 49224732 192373 4922274 4+ 275 + 30

+ 28 4 27z 4+ 922072 1 9,973 4 32474

+22375 422220 4+ 27T+ 2B+ .

Invariants of U(2) ® U(2) must be invariant when multiplying with e*?
= Extract all coefficients of bi-degree (k, k)

o

1+ 2% +22%+2294+328+...
1
(1 —22)(1 — 2%)

~
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Three Qubits: Ansatz F-Series of SU(2)®3

1 1
F = — d
(2,2) /UEG He(U) det(id — z - U) det(id — z - U*)

B S

v Dw Iy a,b,cE{l,—l}

(G=SU(2)%3, U =U; ® Uy ® Uz, I' =complex unit circle)

Computation of the integral using the theorem of residues

e Symbolic computation of singularities and residues

e Data type: factored rational functions implemented in MAGMA
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Three Qubits: F-Series of SU(2)®°

2970 4+ 2373 4+ 2222 + 1
(1— 22)(1 — 24)(1 — 24)(1 — 2222)2(1 — 223)(1 — 232)

F(z,2) =

=142z + 24 + 237 + 42%7° + 223 + 7*

+ 227 4+ 2422 + 52323 + 222% + 22°

+ 28 + 272 + 52022 4 52°%3

+122%%2* 4+ 5232° + 52220 4 277 + 28

+ 297 4+ 2872 + 62723 + 6207% + 152°7°
42729 + 2228 4 62327 + 62120

+ 212 4 217 + 521922 4+ 62923 + 16282% + 16272° + 302°%°
+ 7212 4 271 + 522219 4+ 62329 + 162428 + 162°727
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Three Qubits: Molien Series of U(2)®’

212 41
(1= 21— 241 = 20)(1 - 29

= 14+ 22 + 44 -+ 520 + 1228 + 15219 + 30212
+ 372 + 65219 4+ 80218 + 128220 + 156222
+2342%% 4+ 282220 + 402228 + 480230 + ...

o
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Three Qubits: Invariant Ring of SU(2)%’

Coefficient vector:

L = (\wooo,ﬂfooyiﬂow,513019@100,$10£,§1107$11£>

00 01 10 11

Invariants of 14 ® SU(2):
brackets 4,7] = Tioxj1 — Tii%jo
inner products  (4,7) = X0T,0 + Ti1Tj1
Invariants of SU(2) ® SU(2) ® SU(2):
permutations (7, o, m3):

f771,772,773 — E : Liy,io,i3 Ly (i1),m2(i2),73(i3) " Lj1,52,73 Vw1 (51),72(j2),73(j3)

1,7,

o

~
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Three Qubits: Invariant Ring of SU(2)%’

o

Generators:
bi-degree | permutations (71,72, 73), brackets, inner products #terms

1 (1,1) | (id,id,sd) 8

fa (2,2) | ((1,2),(1,2),4d) 36

f3 (2,2) | ((1,2),id,(1,2)) 36

51 (4,0) [1,2]% — 2[0,1][2, 3] — 2[0,2][1, 3] + [0, 3]? 12

5 0,4) | L2 —2[0,1] [2,3] = 2[0,2] [1,3] + [0,3]" 12

$9 (3,1) [3,0](0, 0) — [3,0](3,3) + [3,1](0, 1) + [3,2](0, 2) 40
+2[3,2](1, 3) — 2[1,0](2,0) — [1,0](3,1) — [2,0](3, 2)
(2,140, 0) — [2, 1](1, 1) + [2,1)(2,2) + [2, 1](3, 3)

52 (1,3) 40

2 2,2) | Gd,(1,2),(1,2)) 36

fs (3,3) (1,2),(2,3),(1,3)) 176

fafs (5,5) 3760

~
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Three Qubits: Invariant Ring of U(2)®°

Generators of the invariant ring:

degree | permutations (w1, 72, m3) | Fterms

1 , (id, id, id) 8

fa 4 ((1,2), (1,2), id) 36

f3 4 ((1,2),d, (1,2)) 36

fa 4 (id, (1,2), (1,2)) 36

f5 6 ((1,2),(2,3),(1,3)) 176

fe 3 8151 144

fr 12 5182 5988

f1,....f¢ are algebraic independent. Relation for f:

fi+ei(frs- .

o

7f6)f7 —+ C()(fl, Ce ey f6) where Co,C1 € @[fl, Ce ey fﬁ]

~
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Four Qubits: Ansatz F-Series of SU(2)®*

1 1
F = — d
(2,2) /UEG (V) det(id — z - U) det(id —z - UY)

~of §§ e G e e

. Y,
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Four Qubits: F'-Series of SU(2)®*

F(z,7) = <(z36z36 ;35533 4 9. 34534 | .34-82 4 (34580 4 434228 | 3,34-26
233735 17233733 11223373 4 4+ 122°32° + 7237° — 237 4+ 322210 +
42278 + 9227° 4 6222% 4+ 22227 — 2723 + 1)/

((1 —Z2)(1 =21 -2 (1 =21 - 2°) (1 - 21 - 2")(1 - 2%

(1 —2°2%)(1 — 2°2H)*(1 — 22)(1 — 2°2)(1 — 2°2)*(1 — 2*Z%)(1 — 2°2)
(1—732)3(1 — z4z2))

= 142°4224+7°4+32* 4327482777 +322° +32* +42°+62°24+192* 77
+202°7° +192% 2 +622° 4420 + 7254112 2 +472°72° +622°7° 4982 7"
+622°7° +472° 25 +1122 4728 +9210 41827 7+812°7° +1502 " 2°
+2782°7%42932°2° 4278242 +1502° 2" + 812228 +1822" + 970+ 14212
+2721 7414321922 429927 7° 4669252 +900272° +11282°2° +9002° %"

+669217°4+2992379 414322710 42727 14712 + .

o /
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Four Qubits: Molien Series of U(2)®*

(z38—|—6z35—|—46z34—|—110z33—|—344z32—|—844z31—|—2154z30—|—4606z29—|—9397z28

+168482%74+287472%°+445802%°4+653662°* +880362%3+111909222
+131368221+1456762%°+14986021°+1456762'%+13136821"
+11190921°+880362'°4+6536621*+445802'3+2874721% +1684821

+9397z10+4606z9+2154z8+844z7+344z6+110z5+46z4+6z3+1) /
<(1 —2°) (1— z4)4 (1- z3)6 (1- z2)7 (1-— z))

14+ 2+ 822 +202° +982% +2932% +11282°% + 340927 + 10 84628

+304802Y 4+ 84 65221° + 2176772 + 544 312212 + 1 289 22513
+ 2961 6262* + 6 528 2842 + 13980 7172 + 28 963 980217
+ 58464 5102'% + 114 806 4292 + ...
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