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System Overview

K=) Encoder N=) Channel
Errorww�N N=)
Decoder

Syndromecalculationww�N -KSyndrome
N=) Errorcorrection

; Error
~wwN

N=) Encoder-1 K=)

Encoding and decoding using an [[N;K]] quantum error{correcting code.
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Linear Codes
vector spaces: C � IFNgenerating matrix: G 2 IFK�Nencoding: c = i �Gparity check matrix: Ht, G �Ht = 0syndrome: s = r �Htdecoding: in general hard to decode
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Encoding \Binary" Codes (I)(Steane; Calderbank & Shor)

Given a binary code C with C � C?, e. g.,

G =
0BBBBB@
0 0 0 1 1 0 10 0 1 0 1 1 10 1 0 1 1 1 01 0 0 1 0 1 1

1CCCCCA ;

the encoded states are:j ii = 1pjCjXc2C jc+wii where wi 2 C?=C.
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Encoding \Binary" Codes (II)

G t =
0BBBBBBBBBB@

0 0 0 10 0 1 00 1 0 01 0 1 11 1 1 00 1 1 11 1 0 1

1CCCCCCCCCCA
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Syndrome of \Binary" Codes

j ii= 1pjCjXc2C jc+wii H
N j ii= 1pjC?j Xc2C?(�1)c�wi jci
H t =

0BBBBB@
0 0 10 1 01 0 00 1 11 1 01 1 11 0 1
1CCCCCA

jc7ijc6ijc5ijc4ijc3ijc2ijc1i
j0ij0ij0ij0ij0ij0i
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Encoding Stabilizer Codes (I)

GF (4){Code Pauli matrices

G =
0BBBBB@

1 0 1 ! !! 0 ! 1 10 1 ! ! 10 ! 1 1 !
1CCCCCA =
0BBBBB@
g1g2g3g4

1CCCCCA
g1 = �x 
 id
 �x 
 �y 
 �yg2 = �z 
 id
 �z 
 �x 
 �xg3 = id
 �x 
 �y 
 �y 
 �xg4 = id
 �z 
 �x 
 �x 
 �zStabilizer group: S = hg1; g2; g3; g4iEncoded state:Sum of the orbit of the initial state j�ii under the stabilizer group:j ii = 1pjSjXg2S g j�ii = 1p2s Xj2IFs2 gj11 � : : : � gjss j�ii
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Encoding Stabilizer Codes (II)

j0ij�ij0ij0i
j0ij0ij0i

j0ij0i HHHH
g1 = (1; 0; 1; !; !) ^=�x
id
�x
�y
�y

c
�
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�
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� g2 = (!; 0; !; 1; 1) ^=�z
id
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�x

H c
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� g3 = (0; 1; !; !; 1) ^=id
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�y
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�

�y c �
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c
�

g4 = (0; !; 1; 1; !) ^=id
�z
�x
�x
�z
H c� H c

�
c

�
H c

�
H jc5ijc4ijc3ijc2ijc1iji4iji3iji2iji1i

Computation of the sum of theorbit under the stabilizer group,followed by dis{entangling the 4auxiliary qubits. jc5ijc4ijc3ijc2ijc1iji4iji3iji2iji1i c
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jc5ijc4ijc3ijc2ijc1ij0ij0ij0ij0i
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Encoding Stabilizer Codes (III)

Better: e�cient encoding of Cleve & GottesmanStandard form of the generators/generating matrix:

G =
0BBBBB@

1 0 1 ! !! 0 ! 1 10 1 ! ! 10 ! 1 1 !
1CCCCCA;
0BBBBB@

1 1 ! 0 !1 + ! 0 1 + ! ! !1 + ! ! ! 1 + ! 01 ! 0 ! 1
1CCCCCA

Encoded states:j ii = 1p24 (11 + g4)(11 + g3)(11 + g2)(11 + g1)�jii j0000i�
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Encoding Stabilizer Codes (IV)
Basic idea: 1p2(11 + �x) = 1p2 0@ 1 11 1

1A
is not unitary, but1p2(11 + �x) j0i = 1p2(j0i+ j1i)

= 1p2 0@ 1 11 �1
1A j0i = H j0i :

Hence:1p2�11 + (�x 
 ~g)��j0i 
 j'i�= 1p2�j0i 
 j'i+ j1i 
 ~g j'i�= �j0ih0j 
 11 + j1ih1j 
 ~g��H 
 11��j0i 
 j'i�:Similar for 11 + (�y 
 ~g):1=p2(11 + �y) j0i = diag(1;�i)H j0iIAKS UniKA 12/Dagstuhl '98



Encoding Stabilizer Codes (V)

G t =
0BBBBB@
1 1 + ! 1 + ! 11 0 ! !! 1 + ! ! 00 ! 1 + ! !! ! 0 1
1CCCCCA

j0ij0i
j0ij0i

j�i H �x
�z�

�z
H 1 00�i

�y
�z��z H 1 00�i

�y�z�z� H
�x�z

�z� jc5ijc4ijc3ijc2ijc1i
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Decoding Stabilizer Codes (I)

Computation of the syndrome:Non{demolition measurement of the eigenvalues of the generators of thestabilizer group
�x �z �y

j0ijcii H �f H jsi j0ijcii �f jsi j0ijcii � �f �y jsi
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Decoding Stabilizer Codes (II)

Computation of the syndrome

j0ij0ij0ij0i
jc5ijc4ijc3ijc2ijc1i g1 = (1; 0; 1; !; !) ^=�x
id
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�yH
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g2 = (!; 0; !; 1; 1) ^=�z
id
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c
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g3 = (0; 1; !; !; 1) ^=id
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g4 = (0; !; 1; 1; !) ^=id
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Cyclic Codes (I)

Linear Codes Cyclic Linear Codesvector spaces C � IFN polynomial ideals C � IF[X]=(XN � 1)generating matrix G 2 IFK�N generating polynomialg(X)jXN � 1 of degree N �Kencoding: c = i �G encoding: c(X) = i(X) �g(X) mod (XN�1)parity check matrix Ht check polynomial g(X)syndrome: s = r �Ht syndrome: s(X) = r(X) mod g(X)in general hard to decode some e�cient decoding algorithmscyclic shifting the code corresponds toshifting the syndrome mod g(X)IAKS UniKA 16/Dagstuhl '98



Meggitt{Decoder

�� R0 R1 R2 R3- - - - Rn-2 Rn-1- - -

��� � step 1�step 2
- - D06

logic unit �����step 1 � step 26g

6���g06g - - D16
6��

��g16g . . . . . . - -Dd-26
6��

��gd-26g - -Dd-16
6��

��gd-16g ?����1?

Error correction circuit based on the Meggitt{decoder.

IAKS UniKA 17/Dagstuhl '98



Cyclic Codes (II)

Correction of the error for cyclic codes

js4ijs3ijs2ijs1ijc5ijc4ijc3ijc2ijc1i
�x�x �x�x���

dH
��

�
dH

shiftmodg(x) �x�x �x�x���
dH

��
�dH shiftmodg(x) �x�x �x�x���

dH
��

�
dH

shiftmodg(x) js4ijs3ijs2ijs1ijc5ijc4ijc3ijc2ijc1i

shiftmodg(x) ^= jb2ijb1ija2ija1i �d �d �d �d �d �d �d ja2 + b1ija1 + b1 + b2ijb2ijb1i
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