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System Overview I
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Encoding and decoding using an [[INV, K|| quantum error—correcting code.

/

TAKS €© UniKA

4/Dagstuhl '98



Linear Codes.

vector spaces: c <FVN
generating matrix: G c FEXN
encoding: c—i-0

parity check matrix: H!, G-H!' =0
syndrome: s=r- -H'

decoding: in general hard to decode
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‘Encoding “Binary” Codes (I)I
(STEANE; CALDERBANK & SHOR)
Given a binary code C with C < C*, e. g.,
(0 00 1 1 0 1)
0O 0 1 0 1 1 1
G = :
0 1 0 1 1 1 O
\1 00 1 0 1 1
the encoded states are:
1
[1hi) = W Z c + w;) where w; € C*+/C.
ccC
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Encoding “Binary” Codes (II)

T F O 3 B e T
QO Q Q Q QO QO QO
® AR (N N
N NN

® AN AN AN

NN AN
® AN AN AN
NN AN
o (N AR
\ \
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Syndrome of “Binary” Codes' (00 2
mi=|o 1 1

1 1 0

o 1

c1) * H * Hf— |c1)

|c2) * H ’ HF— |c2)

|c3) * Hi—e H |c3)

|ca) H H |cq)

lcs) * * H * * H |c5)

|ce) * ° * H * * * H lce)

lc7) l —(H * — [ lc7)

0) —&-d-ob 51) )

0) S-O-DD |s2) 5 bit—flips
0) S-DDD |53)

0) S-O-DD |54) <

0) bbb |s5) p sign—flips
0 G-S-DD

\H |s6) | /
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Encoding Stabilizer Codes (I)I

GF(4)-Code Pauli matrices
(1 0 1 w w\ (gl\ g1 =0, Q1d®0o, 0,0,
o w 0 w 1 1 B go=0,Q1dR 0, R0, R0y,
0 1 w w 1 gBB3=1d®R0o, Q0,Q0, R0,
\O w 1 1 w} \94) g1 =1dR0, R0, Vo, o,

Stabilizer group: S = (91, 92, 93, 94)
Encoded state:

Sum of the orbit of the initial state \qbz> under the stabilizer group:

i) =

o
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Encoding Stabilizer Codes (]I)I

91:(130313U7U)£ 92:("")707403131)ﬁ 93:(0713U3U31)£ 94:(03"‘-"71713"‘-")ﬁ
0r®idQoyr RQoyRQoy 0, R1dRo,Rox Qoy 1dQ®or oy oy oy 1dQoz Qo Qoxr Qo

|0) —{H] li1)
|0y —{H] : i)
|0y —{H] li3)
|0y —]{H] i)
0) < [H}-&H{H] le1)
0) @ [H{H] lc2)
0) 2 (Ho-{H] flpall d le3)
|¢) [of {6 ] O ot Fb{ 6] O lcq)
0) figall ® ® (HFHHF— les)

i) — 0)

: i) OO 0)

Computation of the sum of the ;7 o o)

orbit under the stabilizer group, 4 ¢ T o

followed by dis—entangling the 4 :01i :Cli

L. . C2 L 4 L 4 C2

auxiliary qubits. |c3) e3)

lca) lca)

lcs) lc5)
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Better: efficient encoding of CLEVE & GOTTESMAN

Standard form of the generators/generating matrix:

Encoded states:

1
Vi) = /ot

o

Encoding Stabilizer Codes (]]I)I

(101 @ o) (1 1 w 0 w )

w 0 w 1 1 14w 0 14w W w
G = ~>

0 1 w w 1 l4+w w w 14w 0

\Ow 1 1w) \1 W 0 W 1)

(1 + g4) (1 + g5) (1 + g2) (1 + 1) (|1 |0000) )
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Encoding Stabilizer Codes (]I)I

Basic idea:

Lo L 11
vao TR

is not unitary, but

\%(H%)\m = \%(\OH\D)
1 1 1
= > ( o ) 0) = H |0).
Hence:
ZS(1+@en)(0el)

+ (o0
= (02l + 0o l)
= (l0)(0 & 1+ [1){1] @ ) (H © 1) (|0) @ [«)).

Similar for 1 + (o, ® §):
1/v/2(1 4 o,) |0) = diag(1, —i)H |0)
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Encoding Stabilizer Codes (Y)

— 3 O 3
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Decoding Stabilizer Codes (I)I

Computation of the syndrome:

Non—demolition measurement of the eigenvalues of the generators of the
stabilizer group

o O 5 Oy
|ci) —HTH— |ci) l ci) —— 0 Im—
0) < s) | 10) < s) | 10) < |s)

o
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Decoding Stabilizer Codes (II)

Computation of the syndrome

g1 = (1307 13U7U) =

go = (w707w3131) =
02Q1dQo,RQorQoy

g3 = (07 13U7U7 1) =

g4 = (03w71713w) =
1dRQRo,QorQox ®oy

le1) —{H}+-{H] le1)
lc2) [H}-{H] * lc2)
le3) —HH-H] g gl [H-{H—— lc3)
lea) g ofil (H-H] g ol (HH-HF— leq)
le5) g olil (H--{H] {H-H] le5)
|0) D D D D |s1)
|0) D D D D |s2)
|0) D D D D |s3)
|0) D D D b— [s4)
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Cyclic Codes (I)I

Linear Codes Cyclic Linear Codes
vector spaces C < F" polynomial ideals C < F[X]/(XN —1)
generating matrix G € FE*? | generating polynomial

g(X)|X® —1 of degree N — K

encoding: c=1-G encoding: ¢(X) = 4(X)-¢g(X) mod (X¥ —1)
parity check matrix H* check polynomial g(X)
syndrome: s = r - H* syndrome: s(X) = r(X) mod g(X)
in general hard to decode some efficient decoding algorithms

cyclic shifting the code corresponds to

shifting the syndrome mod g(X)
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Meggitt—Decoder I

*—> RO > Rl > R2 > R3 - _>Rn—2 >Rn—1 >/T\
!f step 1 @ e step 2
step 2 e ¢step 1
logic unit

o

Error correction circuit based on the Meggitt—decoder.
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Correction of the error for cyclic codes

Cyclic Codes (]I)I

1) egtog—— ———————— 0000
o) —— " o{HIo{H
S e e
gy —+—+ O OO O OO O
|e5) oJHMH—— - -
51) I shift t shift| """ ! shift
52) mod mod| mod
|s3) —0= O o 1O L o
|54) ——0u g(z) o tax glz)| = g(z)

shift| @) % |b1)

— laz) ’ P—e |b2)
d
N [61) — ¢ & la1 + by + ba)
g(x)|_ |b2) S —Ob d— |as + by)

o

c1)
c2)
|c3)
|ca)
|c5)

|51)
|s2)
|53)
|54)
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