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Main Problem'

Characterize the non-local properties of quantum states.

Various approaches

e entanglement measures:
(real) functions on the state space, that

— are zero for states without entanglement (product states/separable states)

— are constant under local unitary operations

— do not increase under local operations and classical communication

Problem: a single entanglement measure implies a total order on quantum states, but the

structure of multi-particle states is complicated

e |ocal orbits:
Given two quantum states

) and |¢)  (p and p')

on n particles (qudits), is there a local unitary® transformation U =U;  Us ® ... ® U,
with
Ulp) =|¢)  (UpU~ " =p')?

aSLOCC later
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Our Approach'

Use the polynomial invariants of the groups
e SUd)®...® SU(d)
e U(d)®...0U(d)

operating on
e pure states |)
e mixed states p

to describe multi-particle entanglement.

This gives a complete description:

Theorem 3:

The orbits of a compact linear group acting in a real vector space are separated by the
(polynomial) invariants.

(A. L. Onishchik, Lie groups and algebraic groups, Springer, 1990, Ch. 3, §4)
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Operation of GL(N, IF') I

Linear operation

on polynomials f € F[xq,...,zx] =: F[x]

f(x)? = f(x9) where 9 = (x1,...,zn) g and g € GL(N, )

— pure quantum states

Operation by conjugation

on polynomials f € F[z11,...,zyN] =: F[X]
f(X)9:= f(X9) where

11
Xg = g_l .
IN1

—> mixed quantum states

L1IN

INN
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Polynomial Invariants I

Given a subgroup G < GL(N, ), which polynomials
in N (or N?) variables are invariant under linear operation (or operation by conjugation)?
Notation: Flx]¢ = {f(x) e Flz]|Vg € G : f(x)9 = f(x)}

Basic problem

Properties of IF[x]“

e Homogeneous polynomials remain homogeneous (= homogeneous generators).

e Any linear combination of invariants is an invariant.

The product of invariants is an invariant.

For reductive groups IF[x]¢ is finitely generated.
e Some invariants are algebraically independent (primary invariants).
e The other invariants obey some polynomial relations.

e |n special cases: the invariant ring can be decomposed as a free module
(generated by the secondary invariants) over the primary invariants.
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Example: Invariants of S4I

0
Sy =
s

Power sums

Pl =21+ Tg + T3+ T4

D2 -
p3
Pq

T3 + 135 + 23 + 142
m?—l—ax%—i—aﬁg—i—xi

aff—l—ax%—i—m%—i—xi

o o o =

B el )

1 0 0)
N >g<(1234),(12)>

001 0

o) \ooo 1)

Elementary symmetric polynomials

S1:= X1+ T2 + 23+ X4
So 1= X1T2 + 13 + XT1x4 + ToX3 + ToXy + X34
S3 ‘= X1X2T3 + T1Xoxy4 + L1X3T4 -+ LoX3X4

Sq4 ‘= T1X2X3T4

Any polynomial invariant of S4 can be expressed uniquely as a polynomial in p1, ps2, p3, and py

(or S1, S2, S3, and 84).
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Example: Invariants of 7, < S4I

Z4 22 ((1234))

Elementary symmetric polynomials:

S1:= X1 +T2 +23 + 24

S i= XT1X9 + X1X3 + T1X4 + T2X3 + ToXy + T3X4
S3 ‘= X1X2T3 + T1xox4 + L1X3X4 + LoX3X4y

Sq4 ‘= X1X2X3T4

and additional invariants:

f1:=x122 + Tox3 + T3T4 + T4

fo = x175 + asza:% + 1375 + 1477

f3:= 125 + Towy + 13T + T4T]

Relations:

f? = 2sof% + (4sy — 5183 — 83) f1 + 518283 — 8784 — S5

f22 = (s1f1 — 2s3) f2 — ff + (4sg — S%)f% + (3%32 + 8183 — 43%)]} + 4518983 — 3?33 — 5s§
f?? :p1(31782,83784,f1)f3 +p0(31782783784,fl)
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Example: Invariants of 7, < S, (continued)'

None of the invariants f1, f5, and f3 is redundant:

(1342) (24) (14)(23)
T1 —1 Qa -1 —1 3 6
To o —20% —4a—1 1| 2| -2 1
T3 1 —1 31 3 1| =2
Ty || =20 — 4o —1 1 2 1 6 3
S1 20> —3a—1| -2a%2 -3a—1 5 5 8 8
So 20 + 3a 20 + 3a 5| 5 7 7
s3 || 204 3a+1 20° +3a+1 || =5 | =5 || —36 | —36
Sy 20 —3a—-1| -2a2-3a—1 | -6 | —6 || —36 | —36
f 0 40° +8a +1 6| 6 16 | 16
foll =302 =5a—2 | —3a*—5a—2 | 22 | 18 || 100 | 100
fs || 3a®* +5a+1/2 | 3a® +5a+1/2 || 48 | 48 || 352 | 592

(where a3 + 3a? 4+ 2a+ 1/2 = 0)
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Invariants for “Generic States” I

(see e.g. N. Linden, S. Popescu, and A. Sudbery, PRL 83, 243-247 (1999), quant-ph/9801076)

e express the state p in terms of a local basis:

1 - T T n
o= 5[@...®I+Zagr)l®...®TZ.(T) ®..0I+...+Riy ; T\N®.. .@T™
r=1
e investigate the infinitesimal action of SU(dy) ® ... ® SU(d,) on p
— invariants are solutions of the PDE given by the resulting vector field

(Cayley's omega-process?)

e ‘generic states’”:
maximal linear independent vector fields (= algebraically independent invariants)

— e. g., invariants that depend only on ozzm and the tensor R

e this does not apply to all states, e.g., for QECC ozzm = 0.

asee e..g. B. Sturmfels, Algorithms in Invariant Theory, Springer, 1993
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“Generic Invariants”’: Two Qubits'

1
p=l0l+ Y oo e+ Y alToo+ Y fiwo®o

]j=x,y,2 k=x,y,z 1,k=x,y,z

Generic invariants (see, e.g., S. Lomonaco, “An Entangled Tale of Quantum Entanglement”)

Tr(66Y) Tr((8BY)?) det(3)
(@M, aM) | (@Mp,aMp) | (aV5s!, M55
aMBa® | aMgptaa® | oM (B6YH)2Ea?)

— for almost all states, these are algebraically independent invariants

additional invariant:
(@M, aMppt x M (56")?)

“to fix the signs”
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Consider the states

Non-Generic States'

(66 0 32-4i 1 ) [ 66 0 32+4i 1 )
1 0 62 3 32—4i 1 0 62 3 3244
pi= — p = —
256 [ 32 445 3 66 0 256 132 —4; 3 66 0
\ 1 3244 0 62 ) \ 1 32-4 0 62 )
1 1 1 1 1 1
p=qi @I T Rgoe @ LT GOy @ gl @ 0=t g 0w @ 0w+ 5pg0y © 0y
, 1 1 1 1 1 1
pr=gl @it goe @l = oy @It gl WOt 15000 W0+ 5550y © 0y
1 1 1 1 00
(1) — (2) — t o
o = (=, £=,0), o? =(0,0,—), B:=-— 1 0
(352" (0.0, 758) 7= 355 0 0

— the values of the previous invariants are equal for p and p’, but p 2 p

Markus Grassl -11- 17.10.2007



Describing Entanglement Using Invariant Theory 1QOQI

Invariant Tensors'

(Y. Makhlin, quant-ph/0002045 and private communication)

e use local basis for the density matrix:

p:il—l— Z SZ'O'Z'(X)I—l— Z pjl®0j—|— Z Bijo-i@O'j

1=x,Y,z J]1=x,Y,= 1,)=2,Y,z

e SU(2)® SU(2) acts as SO(3) x SO(3) on the coefficient vectors s, p and the coefficient
matrix 3

e contract copies of the coefficient tensors with tensors that are invariant under SO(3) resp.
SO(3) x SO(3)
d;;  inner product —

€i;, determinant >—

e create all possible contractions modulo the relations of the tensors

for two qubits, there is only a finite number of such contractions

— complete set of invariants, resp. a set of generators for all invariants
(“fundamental invariants”)
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Fundamental Invariants (I)I

Tr(B8') =

()

sts=s5 — s

ppt=p —p

<2

o]
<P || T || (A7
s—8
>
(s
s —p B—Dp
| ¢ p—p || 5=
S ST R )
SR NG| RO R I
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Fundamental Invariants (]I)I

) C
Cg—p S—ED
s—p f—r
) C
5 s
34<5> Cﬁ>7p
Cg—p S—ED
§—p f—Dr
DG
p p
S{ﬁ 5}19
<§> C§>
S—ﬁ> Cﬁ_p
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Reynolds Operator'

finite groups

Rg: Flx] — TFlx]®
1 g
flx) — @ Z f(z)

geG

R¢ is a linear projection operator

= compute Rg(m) for all monomials m € IF|x]| of degree d = 1,2, ...

compact groups

Problem

Rg: Flx] — Flx]®
fl®) f(z)?dpc(g)
geG
where i (g) is the normalized Haar measure of G

computing the integral is very difficult

Markus Grassl
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Computing Invariants'

(see E. Rains, quant-ph/9704042%; Grassl et al. PRA 58, 1833-1839 (1998), quant-ph/9712040)

Computing the homogeneous polynomial invariants of degree k for an N particle system with
density operator p:
for each N tuple m = (71,...,mn) of permutations 7w, € S compute

f7r1,...,7rN (p@'j) = Tr (TS\IQ(W) . p®k:)

e all homogeneous polynomial invariant of degree £
e in general, (k!)YV invariants to compute

e not necessarily distinct

e not linearly independent

e it is sufficient to consider certain tuples of permutations

2|EEE Transactions on Information Theory, vol. 46, no. 1, pp. 54-59 (2000)
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Molien Series'

e Formal power series with non—negative integer coefficients

Encodes the vector space dimension d;, of the homogeneous invariants of degree k:

M(z) =) dpz* € Z]z].

k>0

e A rational function (for finitely generated algebras)

e General formula (for linear operation)

M) = [ dolo) g

Problems:

1. Applies only to the case of linear operation
— "“linearize” the operation by conjugation using the adjoint representation

2. Integral is very difficult to compute
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Pure States: Two Particles'

Pure State

) = Zﬁl ;b)) € €4 @ ¢

with a (global) orthonormal basis |b;).

d
Schmidt decomposition 1Y) = Z Oéj|b§-1)>\b§2)>
j=1

with local orthonormal bases |b§1)>, and |b§2)>.

Invariants

Problem

The (real) coefficients «; are the local invariants.

The invariants «; are no polynomial function in the coefficients z;, but
«; are eigenvalues of p; := Tr;(|1)(¢])
— Use the coeffiecients of the characteristic polynomial of p;

(elementary symmetric polynomials or power sums).

Markus Grassl
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Example: Two Qubits I

Pure State
‘w> = 33'00’00> + 33'01’01> + 33'10’10> + 33'11’11>
Invariants
Tr(|y)(W¥|) = x00Too + To1To1 + T10T10 + T11T11
Tr ((Tl"z' W><¢D2) = 330To0 + To1Toy + T10T1o + T T1y
+2200201T00T01 + 2200210T00T10 + 2Z00L11T01T10
+2201210T00%11 + 220121170111 + 2210211210211
Problem

We have to introduce new variables which are the “complex conjugated variables”.

Note
Algebraically, the roots i and —i of f(x) = 2% + 1 cannot be distinguished.
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Generalized Molien Series'

Bi-degree of polynomials f in variables z; and T;:

(degxl,...,xn f’ degfl,...,fn f)

F-Series:?

e Formal power series with non—negative integer coefficients

e Encodes the vector space dimension dj s of the homogeneous invariants of bi-degree (k, ¢):

F(z,Z) = Z dio 2" 2° € Z[2,7].
k,0>0

e General formula (for linear operation)

F(z,z) = /G dua(g) det(id — z - g) det(id — z - )

aMichael Forger, J. Math. Phys. 39, pp. 1107-1141 (1998)
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Three Qubits: Ansatz I'-Series of SU(2)%’

1 1
F(z,z) :/UeadMG(mdet(id‘z'U) det(id — = - U?)

1 j{j{ j{ (1—2v?)(1 —w?)(1—2?) dv dw dx
(27i)3 I]T @(1-—z-v*wlzc)(l—2z-v0wbz®) v w =x
'y Iy Tz a,b,ce{l,—l}

(G=SU2)%3, U =U; ®Us ®Us, ' =complex unit circle)

Computation of the integral using the theorem of residues
e symbolic computation of singularities and residues

e data type: factored rational functions implemented in MAGMA
(Maple fails: “object too large™)

Markus Grassl - 21—
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Three Qubits: - and )M-Series of SU(2)®?

F(Z, )Z (1—,2 )(1—,24)(1— 4)(1—22 2)2(1—,2 3)(1—z3 )

=1+4+2z+ 24+ 232 + 42227 + 223 + 24 + 252 + 2122 + 5232° + 2224 4 22°
+ 28 + 272 4+ 52622 4 52523 + 12242 + 52325 4 52220 4 227 + 28
+ 292 + 2822 4+ 62723 4 620524 +152°2° + 22° + 2228 + 62327 + 62426
+ 212 4 2112 £ 521022 4+ 62923 + 162822 4+ 16272% 4 30262°
+ 12—|—Z 11_|_5Z2 1O—|—623 9—|—16Z4 8—|—1625 7

212 41
(1= 22)(1 = 2731 = 29)(1 - 25)

— 1422442 +520 11228 415210 1 30212 + 372 + 65216 + 80218
+ 128220 + 156222 + 23422 + 282226 + 402228 + 480230 + . ..
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Three Qubits: Invariant Ring of SU(2)%’

Coefficient vector:

Ve Ve Ve

L = (33000,330011756010,560111,33100,331011756110,56111)
00 01 10 11

Invariants of I, ® SU(2):
brackets 4,7] = wixj1 —xixjo (determinant), invariant of SL(2) D SU(2)

inner products <Z,j> = .CL'Z'QE]'Q + azilfﬂ
Invariants of U(1) ® SU(2) ® SU(2) ® SU(2):
correspond to permutations (71, w2, 73):

f7T1,7F2,7T3 — E , Liy,in,iz Ly (i1),m2(i2),m3(i3) * Lj1,02,53 L1 (j1),m2(j2),73(j3)

%
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Three Qubits: Invariant Ring of SU(2)%’

Generators:
bi-degree | permutations (71,72, 73), brackets, inner products #terms

J1 (1,1) (id, id, id) 8

fa (2,2) ((1,2),(1,2),id) 36

f3 (2,2) | ((1,2),id,(1,2) 36

S1 (4,0) [1,2]2 — 2[0,1][2, 3] — 2[0, 2][1, 3] + [0, 3]2 12

5 0,4) | ,2]° —2[0,1] [2,3] — 2[0,2] [1,3] + [0,3] 12

52 (3,1) [3,0](0,0) — [3,0](3, 3) + [3,1](0, 1) + [3, 2](0, 2) 40
+2[3,2](1, 3) — 2[1,0](2,0) — [1,0](3,1) — [2,0](3, 2)
—[2,1](0,0) — [2,1](1, 1) + [2,1](2,2) + [2, 1](3, 3)

So (1,3) 40

fa (2,2) (id, (1,2),(1,2)) 36

[ 3,3) | ((1,2),(2,3),(1,3)) 176

fafs | (5,9) 3760

completeness shown only recently (unpublished)
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Three Qubits: Invariant Ring of U(2)®?

Generators of the invariant ring:

degree | permutations (71,72, w3) | Fterms
f1 2 (id,id, id) 8
f2 4 ((1,2),(1,2),id) 36
f3 4 ((1,2),1d, (1,2)) 36
fa 4 (id, (1,2),(1,2)) 36
fs 6 ((1,2),(2,3),(1,3)) 176
f6 8 S$131 144
fr 12 5153 5988
f1,...,fe are algebraic independent. Relation for f7:

f72 ‘|'Cl(f17 .- -,f6)f7 +Co(f17 .- -,f6) where cg, c1 € Q[fla . -7f6]'

completeness shown only recently (unpublished)
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Four Qubits: Ansatz [’-Series of SU(2)%*

1 1
F(z,2) :/UGGdMG(U)det(z'd—Z'U) det(id — =z - U?)

s

w x a,b,c,de{l,—l}

— ((z36 36—2:35 33_|_2z34 34—|—6234 32_|_9z34 30—|—4234 28_|_3z34 26—2:33 35—|—7233 33_|_
122332314 4122325472323 23243222104 422284 922204 622244222222 3—|—1)/
(=201 =291 -2901-22)(1 - 2% - 29 (1 - 29 (1 - 2°)(1 - 2°Z7)
(1-22%)*(1 - 22)(1 - 2°2)(1 - 2°2)°(1 — 2*2°)(1 - 2°2) (1 — 2°2)°(1 — 2%27))

= 1422422422432 4323248222° 4322343244424 62524192 224202323 +192224
+622°+425 472841127 24472°22 462272349822 46223 2° 447222411227+ 728
+9219 418292481222 +15027 2342782524 +2932°2°+2782*2% +1502% 2" 48122 =%
+18227 49210414212 427211 2414321922 42992°2° 46692°2* 490027 2° +11282°Z°
+9002°2" 466924 2842992329 +14322 21042722 414212 ||
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Four Qubits: Molien Series of U/(2)%*

M (z) = (27°4+62"0+462°°4+1102°°4+3442°*+8442°%+21542°°+46062°°+93972°° 4168482
+287472°%+445802°°+65366 24880362 +1119092** +1313682*2 4145676 24°
+14986023%+14567623¢ 4131368234 +111909232+88036 230465366 228 +4458022°
+287472%*+1684822%1 49397220 4+460621%+21542'0 4844214 4344212 +1102'° 446 2°

+6z6+1)/ (=) (1 =2)" (12 (1= (1-22))

= 1422 +82%+202% +982% + 293210 + 112822 + 34092'* + 10 8462'¢ + 30 480218
+ 84 652220 4 217 67722 4 544 3122°* 4+ 1 289 2252%° + 2 961 62622° + 6 528 28423°
+ 13 980 7172%% 4 28 963 9802°* + 58 464 5102°° + 114 806 4292°% + . ..
Intermediate results:

1 invariant of degree

7 invariants of degree . . : : :
these 109 invariants generate a (sub)ring with series

2

4

12 invariants of degree 6
nver & . 14+ 22 + 824 42025 + 9828 + 221210 4 .

50 invariants of degree

39 invariants of degree 10 |

—> even more invariants are required to generate the whole invariant ring
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Challenge'

Given: pure states [¢)), |¢) € (C?)®* of four qubits such that

forall 1 <4 <j <4:Tr;;([9)(¥]) = Trij(l9)(d), (1)

I. e., all reduced two-party density matrices are locally equivalent

Problem:  Are the states |¢) and |¢) locally equivalent?

Related Work:

e N. Linden, and W. K. Wootters, “The Parts Determine the Whole in a Generic Pure
Quantum State”, PRL 89, 277906 (2002). See also quant-ph/0208093.

e N. Linden, S. Popescu, and W. K. Wootters, “The power of reduced quantum states”,
quant-ph/0207109.

but: these results hold only for generic states

—> Find states |¢) and |¢) for which (1) holds, but the states are not locally equivalent, or
proof that such states do not exist.
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SLOCC Equivalence'

Two states [1)) and |¢p) can be transferred into each other by LOCC operations with probability
Plo)—|w) and piyy_e), respectively, iff

V) =a- (A1 @ A2®...@ Ap)|Y),

where o € C \ {O}, A; € SLQ((D)
— consider (projective) invariants of the group SL(d1) ® ... ® SL(d,)

known results:
e classification of the different classes for dimension 2 x 2 x N (A. Miyake, F. Verstraete)

e complete set of SL-invariants (J.-G. Luque, J.-Y. Thibon)
— up to four qubits
— three qutrits
— 2X2xXN

e partial results for five qubits
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Work in Progress: 2 X 2 X NI

local unitary equivalence of pure states on C? @ C? @ CV

® 2 X2xX2:
proof of the completeness of the invariants for SU(2)®3 and U(2)®?

o 2 X 2x3:

— Molien series computed

M(z) = 14+ 22 +42* +62° 41528422210 448212+ 7121 + 13420 420128 + 34422 + . ..

— candidates for generators found

— open: proof of completeness

e 2x2x N for N > 4:
— consider the reduced density matrix of the first two qubits
— complete set of invariants for two-qubit mixed states are known

— purification is unique up to local unitary transformation on C%
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Some Open Problems'

e Find a complete set of polynomial invariants for many particles and arbitrary dimension

(e.g. using relations for tensors of higher rank).
e Investigate the structure of those invariant rings, e. g. via the Molien series.

e How many invariants are needed to separate the orbits in general?

Y. Makhlin has shown that a proper subset of the invariants of two qubits is sufficient to
separate the orbits under local operations.

e Combine polynomial invariants with semi-algebraic conditions (e.g. a density matrix has

non-negative eigenvalues)
e Find a “physical” interpretation of the invariants.

e Find alternative characterizations, e. g.,
— using the spectral decomposition of a state
— normal forms for states

— using representatives for each orbit
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