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Graphs, Quadrati
 Forms, and Quantum Codes

Markus Grassl, Andreas Klappene
ker, and Martin R�otteler

Extended Abstra
t of a paper submitted to

ISIT 2002, Lausanne, Switzerland

Abstra
t|We show that any stabilizer 
ode over a �nite

�eld is equivalent to a graphi
al quantum 
ode. Further-

more we prove that a graphi
al quantum 
ode over a �nite

�eld is a stabilizer 
ode. The te
hnique used in the proof

establishes a new 
onne
tion between quantum 
odes and

quadrati
 forms. We provide some simple examples to illus-

trate our results.

Keywords| Graphs, quadrati
 forms, quantum error-


orre
ting 
odes.

I. Graphi
al Quantum Codes

Let A be the additive group of a �nite �eld F

p

m

. Denote

by H the 
omplex ve
tor spa
e C

�

of dimension � = jAj.

Let B be an orthonormal basis of H


n


onsisting of basis

ve
tors jyi labeled by elements of the group A

n

. Let K

�

=

A

k

and N

�

=

A

n

be subgroups of A

k+n

su
h that A

k+n

=

K �N .

Following the de�nition of S
hlingemann and Werner in

[1℄, a graphi
al quantum 
ode is an �

k

-dimensional sub-

spa
e Q of H


n

, whi
h is spanned by the ve
tors

jxi =

1

p

�

n

X

y2N

�

k+n

Y

i;j=1

i<j

�(z

i

; z

j

)

�

ij

�

jyi; (1)

where x 2 K and z = x + y 2 K � N

�

=

A

k+n

. The


oeÆ
ients on the right hand side are given by the values

of a non-degenerate symmetri
 bi
hara
ter � on A � A.

The exponents �

ij

are given by the adja
en
y matrix � of

a weighted undire
ted graph with integral weights, �

ij

2 Z.

As (1) is independent of the diagonal elements �

ii

, we 
an

assume without loss of generality that the graph has no

loops.

In [1℄ the authors raised the question whether or not

every stabilizer 
ode is equivalent to a graphi
al quantum


ode. Our main result gives an aÆrmative answer to this

question:

Theorem 1: Any stabilizer 
ode over the alphabet A =

F

p

m

is equivalent to a graphi
al quantum 
ode. Conversely,

any graphi
al quantum 
ode over A is a stabilizer 
ode.

In the sequel, we will prove this theorem. First, we show

that any graphi
al 
ode over an extension �eld F

p

m


an be

reformulated as a graphi
al 
ode over the prime �eld F

p

.

Then we 
ompute the stabilizer asso
iated with a graphi
al
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ode, followed by the 
onstru
tion of a graphi
al represen-

tation of a stabilizer 
ode. We 
on
lude by giving examples

whi
h illustrate both dire
tions of our main theorem.

Lemma 1: Any symmetri
 bi
hara
ter � over the abelian

group A

�

=

F

m

p


an be written as

�(h; g) = exp

�

2�i

p

b(h; g)

�

; (2)

where b is a symmetri
 bilinear form over F

p

, i.e.,

b(h; g) = h

t

Mg

where M is a symmetri
 matrix over F

p

.

Proof: For �xed h 2 A, the mapping g 7! �(h; g) is

a 
hara
ter of A. Any 
hara
ter � of A 
an be written as

�(g) = exp(2�i=p�h

t

g) where h

t

g denotes the inner produ
t

of the group element g identi�ed with a ve
tor in F

m

p

and

the ve
tor h 2 F

m

p

. As �(h

1

+h

2

; g) = �(h

1

; g)�(h

2

; g) and

the groupA is (non-
anoni
ally) isomorphi
 to its 
hara
ter

group A

�

, the bi
hara
ter � 
an be written as

�(h; g) = exp

�

2�i

p

(Mh)

t

g

�

;

where M is an m � m matrix over F

p

. Symmetry of the

bi
hara
ter implies symmetry of M .

Using this lemma, eq. (1) 
an be rewritten as

jxi =

1

p

�

n

X

y2N

�

k+n

Y

i;j=1

i<j

exp(2�i=p � (z

t

i

Mz

j

))

�

ij

�

jyi

=

1

p

�

n

X

y2N

exp

�

2�i

p

q(v)

�

�

jyi: (3)

Here we identify x + y 2 F

k+n

p

m

with v = (v

i

) 2 F

m(k+n)

p

.

Furthermore, q is the quadrati
 form

q(v) :=

m(k+n)

X

i;j=1

i<j

�

0

ij

v

i

v

j

(4)

on F

m(k+n)

p

de�ned by the symmetri
 matrix �

0

:= �
M .

Hen
e the states (1) of the graphi
al quantum 
ode Q 
an

be expressed in the form

jxi =

1

p

�

n

X

y2N

�(q(x + y))jyi; (5)

where � is a non-trivial additive 
hara
ter of F

p

and q is

the quadrati
 form (4) on F

m(k+n)

p

. We will take advantage

of this presentation in the following se
tions.
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Finally, identifying the ve
tor spa
e C

p

m

with (C

p

)


m

allows us to reformulate (1) in the form

jxi =

1

p

�

n

X

y2F

mn

p

�

m(k+n)

Y

i;j=1

i<j

~�(v

i

; v

j

)

�

0

ij

�

jyi; (6)

where ~� is a (non-trivial) bi
hara
ter on F

p

and x 2 F

mk

p

,

v = (x; y) 2 F

m(k+n)

p

. Therefore, it is suÆ
ient to study

graphi
al quantum 
odes over the prime �eld F

p

.

II. Orthonormal Basis of a Graphi
al Quantum

Code

In general, the ve
tors de�ned by (1) need not form a

basis of the graphi
al quantum 
ode. In this se
tion, we

derive 
onditions for the bi
hara
ter � and the graph �

under whi
h the ve
tors form an orthonormal basis of the


ode.

From the pre
eding it is suÆ
ient to 
onsider a graphi
al

quantum 
ode Q de�ned over the additive group A of the

prime �eld F

p

. The 
ode is spanned by the ve
tors jxi

a

ording to (6). We 
an asso
iate with the quadrati
 form

q of (4) a symmetri
 bilinear form b on A

n+k

given by

b(v

1

; v

2

) = q(v

1

+ v

2

)� q(v

1

)� q(v

2

):

For v

1

= x 2 K and v

2

= y 2 N , this implies a blo
k

stru
ture of the adja
en
y matrix �, namely

� =

�

M

x

B

B

t

M

y

�

; (7)

where the symmetri
 matri
es M

x

and M

y


orrespond to

the restri
tion of the quadrati
 form q to K and N , resp.,

and the k � n matrix B 
orresponds to the bilinear form

b(x; y) = x

t

By. From (5) we get

jxi =

1

p

�

n

X

y2N

�(q(x + y))jyi

=

1

p

�

n

X

y2N

�(b(x; y) + q(x) + q(y))jyi

=

�(q(x))

p

�

n

X

y2N

�(b(x; y) + q(y))jyi: (8)

Noti
e that �(q(x)) yields an insigni�
ant phase fa
tor and

thus we 
an assume without loss of generality that K is

totally isotropi
, i.e., q(x) = 0 for all x 2 K. For the adja-


en
y matrix �, this impliesM

x

= 0. If � is the trivial 
har-

a
ter, the 
oeÆ
ients of the right hand side are independent

of x. In this 
ase the 
ode is one-dimensional. Hen
e we

require � to be non-trivial, say �(g) = exp(2�i=p � g).

The inner produ
t of two base states jxi and jx

0

i of the


ode is given by

hx

0

jxi =

1

jN j

X

y2N

�(b(x

0

; y) + q(y))�(b(x; y) + q(y))

=

1

jN j

X

y2N

�(b(x; y) � b(x

0

; y))

=

1

jN j

X

y2N

�(b(x � x

0

; y)):

This sum is either zero or one, that is, the ve
tors are

either orthogonal or identi
al. The sum vanishes unless

b(x�x

0

; y) = (x�x

0

)

t

By = 0 for all y 2 N , that is, unless

x � x

0

lies in the kernel of B. Imposing orthogonality of

di�erent states, i.e., hx

0

jxi = 0 unless x

0

= x, implies that

this kernel needs to be trivial. In other words, if we view

B as a matrix over F

p

then the rank of this matrix is k.

III. The Stabilizer of a Graphi
al Quantum

Code

For a; d 2 F

n

p

, we de�ne the following operators:

X

a

:=

X

y2F

n

p

jy + aihyj

and Z

d

:=

X

y2F

n

p

!

d

t

y

jyihyj;

where ! 2 C is a primitive p

th

root of unity. The set of uni-

tary operators E := fX

a

Z

d

: a; d 2 F

n

p

g is an orthonormal

basis for the ve
tor spa
e of p

n

� p

n

matri
es with respe
t

to the tra
e inner produ
t hAjBi = tr(A

y

B)=p

n

. What is

more, E de�nes a ni
e error basis [2℄. The group G gener-

ated by E is an extra-spe
ial p-group. The elements X

a

Z

d

and X

a

0

Z

d

0


ommute up to s
alars as follows [3℄

(X

a

Z

d

)(X

a

0

Z

d

0

) = !

ha;d

0

i�ha

0

;di

(X

a

0

Z

d

0

)(X

a

Z

d

); (9)

where we have used the standard inner produ
t ha; di :=

P

n

i=1

a

i

d

i

2 F

p

. Equivalently, two elements of the group G


ommute if the ve
tors (a; d); (a

0

; d

0

) 2 F

2n

p

are orthogonal

with respe
t to the symple
ti
 inner produ
t [4℄

ha; d

0

i � ha

0

; di: (10)

Hen
e, the elements of G are given by f!




X

a

Z

d

: 
 2

F

p

; a; d 2 F

n

p

g.

A stabilizer 
ode Q � H


n

with respe
t to the ni
e er-

ror basis E 
orresponds to a joint eigenspa
e of an abelian

normal subgroup of G. In order to 
ompute the stabilizer

group of the graphi
al 
ode, we 
onsider the a
tion of an

operator !




X

a

Z

d

on the states (5). Re
all that !




X

a

Z

d

belongs to the stabilizer of the graphi
al quantum 
ode Q if

and only if !




X

a

Z

d

jxi = jxi for all x 2 K. We 
laim that

the stabilizer of the graphi
al quantum 
ode Q is given by

the following set of operators

S

Q

= f!

q(a)

X

a

Z

aM

y

j a 2 N su
h that Ba = 0g; (11)
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where M

y

denotes the n � n submatrix of the adja
en
y

matrix � de�ned in (7). Indeed, using the 
hara
ter �(
) :=

!




in (5), straightforward 
al
ulation shows that

!




X

a

Z

d

jxi

=

1

p

�

n

X

y2N

�(
 + b(x; y � a) + q(y � a) + d

t

(y � a))jyi:

(12)

Comparing equations (12) and (8) yields

�(
 + b(x; y� a) + q(y� a) + d

t

(y� a)) = �(b(x; y) + q(y))

for all x 2 K and y 2 N . As the 
hara
ter � is faithful, we


an simplify this to


 � b(x; a)� b(a; y) + q(a) + d

t

(y � a) = 0: (13)

This formula holds for any 
hoi
e of x 2 K, thus b(x; a) = 0

for all x 2 K. When
e the argument a 2 N satis�es the


onstraint b(x; a) = x

t

Ba = 0 for all x 2 K, implyingBa =

0 as 
laimed. Moreover, equation (13) 
an be simpli�ed to


 � b(a; y) + q(a) + d

t

(y � a) = 0: (14)

Sin
e this holds for all y 2 N , we get �b(a; y)+d

t

y = 0 for

all y 2 N ; hen
e �b(a; y) + d

t

y = (d � aM

y

)

t

y = 0 for all

y 2 N . This shows that Z

d

= Z

aM

y

. Finally, substituting

y = a in (14) yields 
 = q(a), whi
h proves the 
laim.

Two di�erent elements !

q(a)

X

a

Z

aM

y

; !

q(a

0

)

X

a

0

Z

a

0

M

y

2

S

Q


ommute, sin
e the symple
ti
 inner produ
t (10) of

(a; aM

y

) and (a

0

; a

0

M

y

) vanishes as the matrix M

y

is sym-

metri
. As the rank of the matrix B is assumed to be

k, there are n� k di�erent ve
tors a that satisfy the 
on-

straint. Hen
e the group generated by S

Q

has at least p

n�k

elements.

A proje
tion onto the joint eigenspa
e E

1

� H


n

with

eigenvalue 1 of the operators in S

Q

generating the group S

is given by

P =

1

jSj

X

M2S

M:

The dimension of E

1

is bounded from above by dimE

1

=

trP = p

n

=jSj � p

n

=jS

Q

j = p

k

. Sin
e E

1


ontains Q and

dimQ = p

k

, this shows that E

1

= Q. We 
an 
on
lude

that Q is a stabilizer 
ode.

Omitting the phase fa
tors !

q(a)

, we obtain an equivalent


ode Q

0

whose stabilizer group is

S

Q

0

:= fX

a

Z

aM

y

: a 2 hBi

?

= hDig: (15)

Here hBi

?

= hDi denotes the linear spa
e of elements a 2

N su
h that Ba = 0, and the (n�k)�nmatrixD is formed

by a basis of that spa
e. The stabilizer group S

Q

0

gives rise

to a symple
ti
 
ode over F

p

�F

p

[4℄. This 
ode is generated

by the matrix D(I + � �M

y

) where f1; �g is a basis of F

p

2

over F

p

. Additionally, we have used the isomorphism of

F

p

� F

p

and F

p

2
as ve
tor spa
es.

IV. The Graph of a Stabilizer Code

In [3℄ it is shown that any stabilizer 
ode that is de�ned

via a 
ode over F

p

m


an be regarded as a stabilizer 
ode

over F

p

. Hen
e it is suÆ
ient to 
onsider stabilizer 
odes

over a spa
eH of prime dimension. Those 
odes 
orrespond

to symple
ti
 
odes over F

p

2

[4℄.

Let C be a symple
ti
 
ode over F

p

2

whi
h is generated

by the matrix X + �Z =: (X jZ) where f1; �g is a basis

of F

p

2

over F

p

and X;Z 2 F

(n�k)�n

p

. Furthermore, let

C

?

denote the orthogonal 
ode of C with respe
t to the

symple
ti
 inner produ
t on F

n

p

2

. As C � C

?

, there exists a

self-dual 
ode D with C � D = D

?

� C

?

. Identifying F

n

p

2

and F

2n

p

and rearranging the 
oordinates, we 
an 
hoose a

generator matrix for D of the form

G

0

:= (X

0

jZ

0

) =

 

X Z

e

X

e

Z

!

: (16)

The group of isometries of the symple
ti
 spa
e F

n

p

2

that

additionally preserve the Hamming weight is given by the

wreath produ
t of the symple
ti
 group Sp

2

(p) and the

symmetri
 group S

n

[4℄. The symmetri
 group a
ts on

the generator matrix (16) by simultaneously permuting


olumns of X

0

and Z

0

. The elements of Sp

2

(p) operate

from the right on the i

th


olumn of the submatrix X and

the i

th


olumn of the submatrix Z. On the rows of G

0

op-

erates the full linear group. Similar to Gau�' algorithm,

G

0


an assumed to be of the form G

0

= (I jP ) [5℄. As D is

self-dual with respe
t to the symple
ti
 inner produ
t (10),

we have I � P

t

� P � I = 0, i. e., P is symmetri
.

In the next step we perform 
olumn operations in order

to obtain a matrix of the form (I jC) where C is symmetri


and all entries on the diagonal of C are zero. The 
ode

generated by (I jC) is equivalent to D, and in parti
ular, it


ontains a sub
ode that is equivalent to C. Let this sub
ode

be generated by D � (I jC). Furthermore, let B be a k � n

parity 
he
k matrix for the linear 
ode [n; n � k℄ over F

p

generated by D. Then the matrix

� =

�

0 B

B

t

C

�

is of the form (7). The entries of � are elements of F

p

whi
h


an be interpreted as integers modulo p. As � is symmet-

ri
 and the diagonal entries are zero, � is the adja
en
y

matrix of a weighted undire
ted graph. Repeating the ar-

guments of Se
tion I and Se
tion III, it 
an be shown that

the graphi
al quantum 
ode de�ned by � is equivalent to

C. Hen
e, for any stabilizer 
ode over F

p

m

there exists an

equivalent graphi
al quantum 
ode.

V. Examples

A. The stabilizer of a graphi
al quantum 
ode

Consider the highly symmetri
 graph depi
ted in Fig. 1.

This graph is 
alled the wheel W

7

. All edges in this graph

have the same weight, hen
e its adja
en
y matrix is given
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0

1

2

3

4

5

6

7

Fig. 1. The wheel W

7

with 7 verti
es of degree 3 yields a [[7; 1; 3℄℄

QECC.

by

�

W

7

=

0

B

B

B

B

B

B

�

0 1 1 1 1 1 1 1

1 0 1 0 0 0 0 1

1 1 0 1 0 0 0 0

1 0 1 0 1 0 0 0

1 0 0 1 0 1 0 0

1 0 0 0 1 0 1 0

1 0 0 0 0 1 0 1

1 1 0 0 0 0 1 0

1

C

C

C

C

C

C

A

;

where we have indi
ated the blo
k stru
ture as in eq. (7).

The 7� 1 submatrix B 
orresponds to the repetition 
ode,

so the matrix D (
f. eq. (15)) generates the even weight


ode of length 7. Using the notation of (16), we obtain

G = D � (I jM

y

)

=

0

B

B

B

�

1 0 0 0 0 0 1 1 1 0 0 0 1 1

0 1 0 0 0 0 1 0 0 1 0 0 1 0

0 0 1 0 0 0 1 1 1 0 1 0 1 0

0 0 0 1 0 0 1 1 0 1 0 1 1 0

0 0 0 0 1 0 1 1 0 0 1 0 0 0

0 0 0 0 0 1 1 1 0 0 0 1 1 1

1

C

C

C

A

;

where M

y

is the lower right 7� 7 submatrix of �

W

7

. The


orresponding additive 
ode over GF(4) [6℄ is generated by

G

4

:=

0

B

B

B

�

�

2

� 0 0 0 � �

2

0 1 � 0 0 � 1

� � 1 � 0 � 1

� 0 � 1 � � 1

� 0 0 � 1 0 1

� 0 0 0 � �

2

�

2

1

C

C

C

A

;

where � denotes a primitive element of GF(4). The addi-

tive 
ode C

4

= (7; 2

6

) generated by G

4

is not GF(4)-linear

as G

4

has rank 6 over GF(4). The weight distribution of

C

4

and its dual C

?

4

are

W

C

4

(x; y) = x

7

+ 21x

3

y

4

+ 42xy

6

W

C

?

4

(x; y) = x

7

+ 21x

4

y

3

+ 21x

3

y

4

+ 126x

2

y

5

+ 42xy

6

+ 45y

7

:

Thus the 
orresponding stabilizer 
ode has minimum dis-

tan
e 3.

B. The graph of a stabilizer 
ode

Consider the CSS 
ode (
f. [7℄, [8℄) [[7; 1; 3℄℄ derived from

the [7; 4; 3℄ Hamming 
ode over F

2

. The 
orresponding

additive 
ode C

7

is generated by

G =

0

B

B

B

�

1 0 0 1 0 1 1

0 1 0 1 1 1 0

0 0 1 0 1 1 1

1 0 0 1 0 1 1

0 1 0 1 1 1 0

0 0 1 0 1 1 1

1

C

C

C

A

;

whi
h has blo
k diagonal form. In order to obtain a

generator matrix G

0

for the self-orthogonal 
ode D with

C � D � C

?

, we have to add a non-zero ve
tor of the 
om-

plement of C in C

?

to G. In our example, we 
hoose the

all-ones ve
tor. Next we transform G

0

into the form (I jC)

where C is symmetri
. We obtain

(I jC) = T �G

0

� S

=

0

B

B

B

B

B

�

1 0 0 0 0 0 0 0 0 1 1 1 0 0

0 1 0 0 0 0 0 0 0 1 0 1 0 0

0 0 1 0 0 0 0 1 1 0 0 0 1 0

0 0 0 1 0 0 0 1 0 0 0 0 1 1

0 0 0 0 1 0 0 1 1 0 0 0 0 1

0 0 0 0 0 1 0 0 0 1 1 0 0 0

0 0 0 0 0 0 1 0 0 0 1 1 0 0

1

C

C

C

C

C

A

;

(17)

where S 2 Sp

2

(2) o S

7

, and T 2 GL

7

(2) is given by

T =

0

B

B

B

B

B

�

1 0 1 1 0 1 0

1 0 0 1 0 0 1

0 0 0 1 1 1 0

0 0 0 1 0 0 0

0 0 0 1 1 0 0

1 1 0 1 1 0 1

1 1 1 1 1 1 1

1

C

C

C

C

C

A

:

In our example, the matrix B

t

is given by the last 
olumn

of T . This leads to the adja
en
y matrix

�

Hamming

=

0

B

B

B

B

B

B

�

0 0 1 0 0 0 1 1

0 0 0 1 1 1 0 0

1 0 0 1 0 1 0 0

0 1 1 0 0 0 1 0

0 1 0 0 0 0 1 1

0 1 1 0 0 0 0 1

1 0 0 1 1 0 0 0

1 0 0 0 1 1 0 0

1

C

C

C

C

C

C

A

:

Note that the \normal" form (17) is not unique, wherefore

the 
orresponding graph is not unique either. In Fig. 2 we

have depi
ted four obviously non-isomorphi
 graphs whi
h

all lead to graphi
al quantum 
odes that are equivalent to

the CSS 
ode [[7; 1; 3℄℄. The lower right graph is a permuted

version of �

Hamming

. As in Fig. 1, the �rst node is drawn

as an open 
ir
le. Furthermore, none of the graphs re
e
ts

the 
y
li
 symmetry of the quantum 
ode.

VI. Con
lusions

We have shown that any stabilizer 
ode over a �nite �eld

has an equivalent representation as a graphi
al quantum


ode. Unfortunately, this representation is not unique, nei-

ther does it re
e
t all the properties of the quantum 
ode.

However, the 
onstru
tion of good quantum 
odes with the

help of graphs is a promising avenue for further resear
h.
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Fig. 2. Four non-isomorphi
 graphs whi
h yield graphi
al quantum


odes that are equivalent to the CSS 
ode [[7; 1; 3℄℄.
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